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lO ' Abstract 

For arbitrary gauge groups, we check at the one-instanton level that the Nekrasov par- 
tition function of pure M = 2 super Yang-Mills is equal to the norm of a certain coherent 
state of the corresponding W-algebra. For non-simply-laced gauge groups, we confirm in 
^ \ particular that the coherent state is in the twisted sector of a simply-laced W-algebra. 
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1 Introduction 

It has been almost twenty years since it was realized that the quantum dynamics of 4d 
M = 2 gauge theory is encoded in the classical geometry of a two-dimensional Riemann 
surface S, called the Seiberg-Witten curve [HE]- The curve S was originally introduced as 
an auxiliary construct, but it was later recognized [21 HI El E] that S is a branched covering 
of another two-dimensional surface C on which a 6d A/" = (2, 0) theory is compactified to 
obtain the 4d A/" = 2 theory. 

From this point of view, it is not surprising that the 2d quantum dynamics on S or C 
have some bearing on the 4d gauge dynamics. Indeed the role of 2d free bosons in this setup 
has long been recognized: see e.g. [H El E] for the identification of the gravitational factor 
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Table 1: The dual Coxeter number h}^ and the dimensions Wi of the Casimir invariants for all 
simple Lie groups G. Recall = SU(?2), 5„ = SO(2?2 + 1), C„ = Sp(n), = S0(2n). 
For non-simply-laced G, the Langlands dual (G^^^)'^ = T^^'^ of the afiine G algebra is also 
shown. 



on the M-plane [ini E] as the one-loop determinant of a free boson on S, and [121 [131 [H] 
for a more general analysis. More recently, it was noticed that 2d Toda field theories with 
W-symmetry arise naturally on G by considering the partition function on S"^ of the gauge 
theory [13 [IS]. This correspondence has been studied thoroughly for gauge groups SU(A^)|1| 
but not much work has been done for gauge groups of other types, see e.g. [T71 [TSl [THl [2D]- 
The aim of this paper is to rectify the situation, by studying Af = 2 pure gauge theory 
for arbitrary G as an extension of [211 [221 123] • The main tools are the Hilbert series of 
the moduli space for arbitrary gauge group G found and discussed e.g. in [211 [251 [2S], the 
free-field realization of W-algebras [TTl [2S1 [21], and K. Thielemans' Mathematica package 
OPEdefs.m [SO] . 

Martinec- Warner solution of A/" = 2 pure theory: The Seiberg-Witten curve of pure 
Af = 2 gauge theory for arbitrary G was constructed in [31] as the spectral curve of a Toda 
lattice. (See also [321 [331 [311 [3S]-) From a modern perspective [31 [SI [S], their construction 
reads as follows. Let us first consider the case when G is simply-laced. Take 6d A/" = (2,0) 
theory of type G, and compactify this theory on C = CP^ parametrized by z, with two 
codimension 2 defects at z = and z = oo. The 6d theory has world- volume fields (f)^'^^\z) 
on G, transforming as degree Wi mult i- differentials, where Wi is the degree of the Casimir 
invariants of G given in Table [H We then set 

{w, ^ h^); (1.1) 
{w, = K"). (1.2) 

Here is the vev of the dimension Wi Coulomb branch operator, and A is the holomorphic 
dynamical scale of the gauge theory. From this data one can then construct the Seiberg- 

^The authors apologize for not citing papers on SU(-/V). 
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Figure 1: The relation between a non-simply-laced Lie algebra G, its associated simply-laced 
algebra F, and the outer automorphism used to fold F to obtain G. 



Witten curve S [36], or equivalently the fibration of the ALE space of type G [35l [37] . In 
the following we label the degrees wi so that h}' = Wn- 

When G is non simply-laced, we take a pair (F, Z^) such that the twisted affine Lie 
algebra F'^'") is the Langlands dual to G^^\ the untwisted affine algebra of G. In other 
words, the Dynkin diagram of G is obtained by folding the Dynkin diagram of F as in 
Fig. [To For example, when G = G2, T = SO (8) and r = 3. We then put 6d theory of type 
F on C = CP^, with a twist by around two singularities at 2; = 0, 00. The fields of the 6d 
theory are divided into two sets, (p^^^^z) which are invariant under Z^. action, and (f)^'^^\z) 
which transform nontrivially under Z^,. We then take 

(j)(^^\z) =u'^''^^dz/zf\ (1.3) 
0('^»)(z) = O, (*.7^/i^), (1.4) 

0(->)(z) = [A^^z'/^ + ] {dz/zr {w^ = h^). (1.5) 



Here, A is the dynamical scale and M^'^') is the vev of the degree-tt)j Coulomb branch operator; 
note that the degrees of Casimirs of G are exactly the degrees of Casimirs of F invariant 
under Z,,. Note also that the dual Coxeter number of G are exactly the highest degree of 
Casimirs of F not invariant under Z^. 

The construction is summarized in Fig. [2 the 6d A/" = (2, 0) theory of type F on a 
circle with Z^ twist gives maximally supersymmetric 5d Yang-Mills theory of gauge group 
G. To obtain pure J\f = 2 Yang-Mills theory, we need to put the 5d Yang-Mills theory on 
a segment with an appropriate half-BPS boundary condition on both ends. The boundary 
condition then becomes the prescribed singularity of the worldvolume fields (f)^^^\z). When 
G is classical, the 5d Yang-Mills theory can be realized on coincident D4-branes, possibly 



^ r is called the associated simply- laced algebra of G [38 . G is also known as the orbit Lie algebra of the 
pair (r, Zr), see |39l . Note that G is not the Z^-invariant part of F in general, as explained in Appendix lA. 21 
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5d G theory | 1 

2dW-algebra (£| ^^h^n^ |£) 

Figure 2: Top: the Seiberg-Witten solution of pure M = 2 super Yang-Mills theory with 
gauge group G in terms of 6d A/" = (2, 0) theory of type F on C = CP^ with the twist 
line from z = Q to z = oo. Middle: the 5*^ reduction to the 5d maximally supersymmetric 
Yang-Mills theory with gauge group G on a segment, with a suitable half-BPS boundary 
condition on both ends. Bottom: In the 2d description, the coherent state {Q\ is produced 
by the BPS boundary condition. It is then propagated along the horizontal direction and 
annihilated by \Q). 

on top of an 04-plane. Then the BPS boundary condition comes from ending them on an 
NS5-brane H SDl SD 112] • 

Correspondence with W-algebra: The essence of the 2d-4d correspondence is that the 
correlator of the 2d Toda theory equals the Nekrasov partition function of the 4d theory 
with VL deformation parameters ei,2, and that the vevs of its W-currents W^'^^\z) become 
the world-volume fields cj)^'^^'^ determining the Seiberg-Witten curve: 

lim {W^'"^\z)){dzY^ . (1.6) 

£1,2— >-0 

In particular, the instanton contribution to Nekrasov's partition function should equal the 
conformal block of the W-algebra. With the help of (II. 6|) we translate the conditions on 
the singularities of (j)'^'^^\z) at z = 0, oo into conditions on the state |^), which we call 
the Gaiotto-Whittaker state, inserted at ^ = 0, oo. This state turns out to be a certain 
coherent state in the Verma module of the untwisted sector of the iy(G)-algebra when G is 
simply-laced, and in the Z^-twisted sector of the ly (F)-algebra when G is non-simply-laced. 
We come back to the details in Sec. 14.11 The most important relation is 

w[f^\g) = K''^\g). (1.7) 

Under a suitable identification of parameters we should then have the equality 

^inst(a;ei,2) = {g\g) = (£|A2'^''^^«|£) . (1.8) 

On the right hand side, \Q) is the coherent state (II. 7p defined by setting A = 1. The relation 
can be understood as in Fig. [2J the boundary condition creates the state {Q_\ , which is then 
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propagated by the distance oc log A, then is annihilated by Indeed, log A is the UV 
coupling, and is proportional to the length of the fifth direction. 

This relation was first considered for SU(2) in [21], and its calculation was later stream- 
lined in [22]. The check for SU(3) was performed in [23] using the known explicit commu- 
tation relation of the PVs-algebra. In this paper we will check fll.Sp at the one-instanton 
level uniformly for all G. We will use the free-field realization of the W-algebra, without 
explicitly writing down the complicated commutation relation of the modes of its modes. 
Before proceeding, it is to be noted that relation (11.81) when we have a full surface operator 
has already been rigorously proved for all groups to all order in [l3l HI] . 

The remainder of this paper is organized as follows. In Sec. [2] we review how we obtain 
the instanton contribution to Nekrasov's partition function, and evaluate the one-instanton 
term for all G. In Sec. El we review the construction of the W-algebras in terms of free 
bosons. In Sec. HI we identify the coherent state \Q) from the behavior of the worldvolume 
fields and compare its norm to the instanton contribution to Nekrasov's partition 

function. Most of the calculations are relegated to the appendices. 

2 Instanton calculation 

2.1 Generalities 

Nekrasov's partition function was introduced in [IS], as a culmination of a long series of 
works e.g. [IHl 113, SS] on the instanton calculation of the nonperturbative effects in A/" = 2 
gauge theory. We follow the presentation of [49j in the following. Consider the partition 
function of the 5d supersymmetric field theory with the same matter content on the space- 
time of the form x R parameterized by {zi, Z2,x^), with the identification 



together with an appropriate SU(2)/j symmetry rotation to preserve supersymmetry. The 
vev of the 4d scalar field can be included either via the vev of the 5d scalar field, or via 
the Wilson line of the gauge field around x^. Here we use the latter. Then the partition 
function is 



where H is the Hamiltonian, Ji 2 are the rotations of 2;i^2-planes corrected with an appro- 
priate amount of the SU(2) R-symmetry to commute with the supercharge, and are the 
generators of the Cartan of the gauge group. Here the trace is taken in the field theory 
Hilbert spacejfl 

^Physically, it would be more natural to take ei_2 and to be purely imaginary, but supersymmetry 
guarantees that Z is holomorphic with respect to them. For convenience we regard ei_2 as real and Ui as 
purely imaginary. 



{zi, Z2, X5) ~ {zie'^'^, Z2e'^'^, X5 + (3), 



(2.1) 



= tr(-l)^ exp il3H + /3(ei Ji + £2^2 + aiW) 



(2.2) 
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Using the localization, the partition function can be written as the product of the one- 
loop contribution and the instanton contribution. The contribution from /c-instanton 
configurations is 

ZkM = trHfc,BPs exp /3(ei Ji + 62^2 + aiH') (2.3) 

where 'Hk,BPS is the BPS subspace of the Hilbert space of the supersymmetric quantum 
mechanics from the /c-instanton configurations. For the pure gauge theory, this is just the 
supersymmetric sigma model whose target space is the fc-instanton moduli space J^G,k of 
gauge group G. Then the BPS subspace "H/c.bps is the space of holomorphic functions on 
J^G,k- Therefore Zk,5d is just the character of the holomorphic functions on A4G,k under 
the action of the spacetime rotation U(l)^ and the gauge rotation G. This quantity is also 
known as the Hilbert series. 

In the /3 — )■ limit, Zk^^d is known to behave as 

^;t,5d~/3-''''^fc(a;ei,2) (2.4) 
and then the 4d instanton partition function is given by 

^inst = EA''''^fc(a;ei,2). (2.5) 

k 

Then the instanton part of the prepotential is given by 

Finst = lim ^ 6162 log Zinsf (2.6) 

2.2 One-instanton contribution 

Let us calculate the one-instanton contribution for arbitrary G. When G is classical, we 
can use the ADHM description of the instanton moduli space to obtain the contribution 
[ISlEnilin]. Here, we use a more direct approach. 

The one-instanton configuration of arbitrary gauge group G is obtained by embedding 
an SU(2) BPST instanton into G via a map SU(2) G associated to the long root of G 
[SB [S21 ESI EH ES] • Therefore the one-instanton moduli space has a decomposition 

Mg,i = X Mg,i (2.7) 

where the factor stands for the center of the instanton, and Mg,! stands for the size 
and the gauge direction of the instanton. A4g,i is a hyperkahler cone of real dimension 
4(/i^-l). 

Holomorphic functions on are just polynomials of the coordinates Zi and Z2, and the 
character under the rotations U(l)^ C S0(4) is just (1 — e'^'^^)^^{l — e^^^)^-*^. The space of 
holomorphic functions on AiG,i was known to mathematicians e.g. f2M using the fact 
that A^G,i is the orbit of the highest weight vector in under Gq. The same space was also 
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studied from a physical point of view by ^26j|. The conclusion is that as the representation 
of U(l)^ X G, the space of the holomorphic functions on Mg,i is decomposed as 



^{T,T,r'^^V{-mcxo) (2.8) 

m 

where Tj is the 1-dimensional representation of U(l) with character e'^'^S V{w) is the irre- 
ducible representation of G of the highest weight w, and —cto is the highest root of the root 
system of G. The factor (TiT2)'^™ arises from the fact that the radial direction is generated 
by e('i+'2)/2 ^^^g^ ^Yie same U(l)2 C S0(4). 

Using the Weyl character formula, the character of this representation can be expressed 
as a summation over Weyl group elements, which can then be simplified as a summation 
over long roots, as we explain in Appendix [Bl The end result is that the 4d 1-instanton 
contribution, including the contribution from the centre of mass, is given by 



E ^ — ^r^Tvzr^T^ ' (2-9) 



where A and A; are the sets of the roots and the long roots, respectively. The one-instanton 
contribution to the prepotential via (12. 6p reproduces the instanton calculation by Ito and 
Sasakura [5^. Explicit results for individual G will be discussed in Sec. 14.31 



3 Free field realization of W-algebras 

We will construct our W-algebras of type T = An, Dn and En from free fields using the 
quantum version [271 EH] of the Drinfeld-Sokolov reduction [57]. For our purpose this boils 
down to the following steps: We introduce the free bosons ip living in the weight space of 
the semisimple Lie group F of rank n. We normalize the OPE of the free bosons so that 
J*^ = idip"^ satisfies 

ski 

J\z)j\w) ~ (3.1) 

We assume F is simply-laced, and normalize the roots to have squared length 2. The W- 
algebra is then given by the centralizer of the screening charges Qf defined as follows: For 
each simple root (Xi there are charges 

Qf = j Sfdz , sf = exp(6±ia, ■ if) . (3.2) 

Then we find the operators constructed from the bosons (p which commute with all the 
screening charges. It is known that there are n independent generators with weights Wi, 
tabulated in Table. [TJ The weight 2 operator is the energy-momentum tensor given by 

T{z) = W^'\z) = -^{dcfi . dip){z) + Qp ■ d'cpiz) , (3.3) 



7 



where p is the Weyl vector and Q = h + 1/h. 

Our computations were all done in Mathematica using the package OPEdef s .m developed 
by K. Thielemans [30] • For more details on W-algebras, the readers should refer to the review 
[29]. In the following, all composite operators are understood to be OPE- normal ordered. 

3.1 Simply laced W-algebras 
3.1.1 

For An we make use of the quantum Miura transform [SHUSH]. Let ej, i = 1, . . . n + 1 be the 
weights of the fundamental n+1 dimensional representation of An-, as in Appendix |Al We 
then construct a set of generators U^''\z) from 

n+1 

^(n+i)(^) = _ ^ f/(^)(^)(g9) = {Qd - ei ■ difiz)) ■■■{Qd- e„+i ■ d<f{z)) . (3.4) 

k=0 

One can show that the singular part of the OPE of R^"'~^^^ with sf is a total derivative, 
which means that the U^^\z) are indeed in the centralizer of the screening charges. Since 
U^^\z) vanishes, the remaining set of generators has the correct dimensions Wi. One can 
also show that they are independent, from which we conclude that we have a full set of 
generators. Note however that these generators are certainly not unique, as we can always 
add suitable products and derivatives of lower order generators. 

3.1.2 Dn 

For Dn we introduce ej,i = 1, . . .n such that ie^ form the weights of the fundamental 2n 
dimensional representation. We repeat the construction of R^"\z) as 

n 

r(^)(z) = - ^ V^'\z)iQdr-' = {Qd - ei ■ tdcpiz)) ■■■{Qd-Bn- idip{z)) . (3.5) 

A:=0 

In this case however it turns out that only V^^\z) commutes with the screening charges. 
To obtain the rest of the generators, we can take the OPE of K^") with itself, 

V'''\^)V^"Kw) = i^J^ + X: ^°;-,^,„_,, (C/'-)(.) + £/(->(»)) , (3.6) 

where we choose the normalization = 11^=1(1 ~ 2j(2j + 1)Q^). Once again one can show 
that and the U^'^^'^ are independent, which gives us a set of n generators of the correct 
weights [601 El]. 
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3.1.3 En 



For W-algebras of type En-, the concise Miura transforms such as (13 .4^ for type An and 
(13. 5p for type Dn are not known. Thus, one is forced to construct the commutants of the 
screening operators (13. 2p directly. Note that an operator 0{z) commute with the screening 
charge Qi if and only if it has the form 

0{z) = Y: Xa{T,) {z)Y,{dv\ d^^-\ d^'+\ d^ni^) (3.7) 

a 

where 

• Xa and Ya stand for normal-ordered polynomials, possibly with derivatives, con- 
structed from their respective arguments, 

• Ti is the energy momentum tensor for the boson ipi = oci ■ ip along the root cti, 
i.e. Ti{z) = —dipidipi{z) + Qd'^ipi/2 with central charge 1 + 6Q^, 

• and yj* = it>* ■ where are the fundamental weights, so that Ya are constructed 
from bosons perpendicular to the root ck,. 

Therefore, 0{z) is in the W-algebra of type E^ if and only if 0{z) has the decomposition 
(13. 7p for each simple root ccj. Details of the construction of the W{Eq) algebra are presented 
in Appendix [D1 The authors did not attempt to construct W-algebras of type £'7,8- 

3.2 Twisted sectors of the simply-laced W-algebras 

We need to consider the sectors of the simply-laced algebras twisted by their outer auto- 
morphisms to compare with the instanton partition function for non-simply-laced gauge 
groups]^ 

The outer automorphism acts on the simple roots as shown in Fig. [TJ This induces 
an action on the free bosons f. Since this is also a symmetry of the W-algebra, and we 
can consider a Z^-twisted state. In practice we pick new linear combinations of bosons (pj 
which are eigenstates of the Z^ action: 

^ e^^'^^'^'d^j , fcj = 0, . . . r - 1 . (3.8) 

Their modes are therefore in Z + kj/r. The set of generators VT^"'*) therefore decompose 
into generators PF^"'*) with integer modes, and generators W'^'^^'^ with non-integer modes. 
The former correspond to the invariants of the non-simply-laced gauge group that we want 
to construct, and the states of the lowest level in the twisted Verma module is generated by 

The actions on the W-generators are given explicitly as follows: 

"^The W-algebras for non-simply- laced groups C„, G2, J4 can also be determined via Drinfeld-Sokolov 
reduction, see e.g. [62j . but that is not what we use. 
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The %2 action on l^(y4„) maps f/^^-* — ?■ [—\y^U^^^ where f/*-'^-' is a suitable redefinition 
of U^^^ defined in f l3.4p . For example, in the case of ^^(As), 

f7(2) = [/(2), f7(3) = [/(3)_2g9f7(2), 

m = f/(^) - ^Q9f7(5) + -^Q^d^lJ^^\ (3.9) 

The redefined currents are determined by requiring W-generators to have definite Z2 
eigenvalues. 

The Z2 action on W{Dn) maps 

V-(n) ^ f/(2^0 f/(2fe) where and t/^^'^) 

are defined in fl3.5p . fl3.6p . 

The Z2 action on W{Eq) maps W^^") where VT^'") is defined in Ap- 

pendix [Dl 

The Z3 action on (D4) is given is induced from the Z3 action on the four free bosons 
(M . Exphcitly, we first define PF(2,4,6) ^^^^ ^r{i) 

^r(2) ^ ^(2) ^(4) ^ ^(4) ^ 1^2^(2) _ lu{i)^r{2) ^ (1 - 4Q^) ^2^(2) 

4 2 2 - 12Q2 

1^(4) = 73^(4) H^(6) = f;(6) ^ 1^2^(4) _ 1^(4)^(2) ^ ^ 2 ^ 

' 2 3 6^ ^ ^ 

where 1/^^) and f/(2.4,6) g^^g defined in ((331), dSJl). Then VT^^.e) invariant and W^^'^ + 
iW{^) ^ e2W3(|y(4) ^ ^^(4)^ ^^jgj, ^j^g 2^ action. 



3.3 Basic properties of the Verma module 

Before continuing, we recall two basic features of the untwisted and twisted Verma module. 
The first is their Weyl invariance. The zero modes of the W-generators are given in terms 
of the zero modes Jq of the free bosons c^. If we define a by 

a = Jo-Qp (3.11) 

then the zero modes of W-generators are Weyl-invariant polynomials of a. For twisted 
sectors, the twisted bosons do not have zero modes. Correspondingly, a and Jo are invariant 
under the twist; p is automatically invariant. 

The second is the Kac determinant at the lowest level, which we detail in Appendix O 
Here we just quote the result, which is given by 

(Kac determinant at level — 1/r) oc J]^ (7 • a + <5) (3.12) 
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where 



A, 




o{ct)}, 

o(a) + o2(ck)}. 



1) 
2) 
3) 



(3.13) 



Here ck runs over roots with a ^ o(a). As explained in Appendix \A.2\ Ai can be identified 
with the set of long roots of G, which is the S-dual of the Z,, invariant subgroup of F. 



4 Instantons and coherent states of W-algebras 
4.1 Identification of the coherent state 

Under the correspondence of Nekrasov's partition functions and conformal blocks of W- 
algebras, the key relation is that the vev of the W-currents should become the fields (j)^'"^\z) 
in the hmit ei,2 ^ a- 

\im {W^'"'\z)){dz)'"' ^ (l)^'"'\z). (4.1) 

ei,2-i>0 

The fields (f)^'^^\z) have two singularities z = 0, oo, which means that there is a state {Q\ at 
z = oo and a state \Q) at z = 0. The behavior of (p^'^^^z) at 2 = oo has the same form as 
the behavior at 2; = by the map w = 1/z. Therefore the state {Q\ is a conjugate of the 
state 1^). 

When G is simply- laced, the conditions f 1 1.1 1) and (11.21) imply that \Q) is in the Verma 
module of Vr(G)-algebra generated from the highest weight state \w) with 

Wi'^'^lw) =w^'"'^\w) (4.2) 

where the eigenvalues w^^^'' should equal the vev m^'"*^ up to some quantization error involv- 
ing ei 2. The condition (11.21) then tells us that 

Wi'"''^\g) = for ^ > unless wi'^'^^lG) = A^"\g). (4.3) 

When G is non-simply-laced, the conditions (11.31) through (II. 5p imply that \Q) is in the 
Verma module generated by the Z^-twisted vacuum \w) of iy(r)-algebra determined by 

Wi'^'^lw) =w^'^'^\w) (4.4) 

where the eigenvalues w^'"*) should equal the vev u^'^^'^ up to the quantization error involving 
ei,2- The condition (11.51) then says 

iyf^)|^) = for £>0 unless W^'^P \g) = A""" \g) . (4.5) 

Then we should have the relation 

Z{a,e^,2) = {g\g). (4.6) 
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Both sides are power series; the /c-instanton contribution on the left hand side corresponds 
to the \eve\-k/r contribution on the right hand side. 

Note that the norm of \Q) does not change if we change the definition of W^'^'^'^ by adding 
products and derivatives of lower degree generators, since W_i only changes by negative 
modes of lower generators, which annihilate \Q) anyway. 



4.2 Coherent state at the lowest level 

Here, we discuss the procedure to compute the norm of the Gaiotto-Whittaker vector 
using the free-bosons representation of the W-algebras. The method is the same as in 
[221 [23] • We stick to the untwisted representations of the W-algebras for the moment. Let 
us expand \Q) in terms of levels of descendants 

\g) = \w) + A'^^'IG,) + (A'^^'yig^) + ■■■ (4.7) 

so that IQi) has conformal weight i. The condition (14. 5 p is now 

Wi'"'^\ge) = for n > except for W^f ^^1^^) = (4.8) 

with l^o) = l'*^)- In what follows, we will compute {Qi\Qi) and compare against the 1- 
instanton computations. Expressed in terms of descendants at level 1 \Qi) is 

\g^) = Y:AM7^\w). (4.9) 

i 

Now, use dMD to get 

= {w\wi'"^^\g,) = Y.Aj{w\wl"''W^^'^\w) = Y,K^^~^Aj for Wi ^ , (4.10) 

j j 

1 = {w\w) = {w\w't'^\Gi)=Y.Aj{w\w[''''^W^:^^'\w) = J2Ki^^Aj (4.11) 

j j 

where K^^'^ is the Kac-Shapovalov matrix at level We can solve for A so that Ai = (K^^^)~^, 
and the norm is given by 

'(1) 



{Qi\Gi) = T.A^Kij^^, = iKW)-l (4.12) 



It can be easily generalized to arbitrary level to get {QelQi) = (-ft'*^"^)^/^^ where the index 

means we pick the element corresponds to {W^"''Y\w) . In order to get the norm of the 
Gaiotto states for the Z^. twisted sector, we simply look for the descendants of level-l/r, 
and take the corresponding element of the Kac-Shapovalov matrix. 

To evaluate the Kac-Shapovalov matrix write the W generators in terms of free bosons 
and expand as 

J\z) = zd^\z) = J2 Jt^-""-' (4.13) 
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with the usual commutation relation 

[J^, J^] = m<5'=''<5^+„,o. (4.14) 

Then the W-algebra vacuum \w) is represented by the free-boson vacuum \a) where a = 
Jq — Qp is the shifted zero mode of the free bosons. Note that the bra {w\ then corresponds 
to (— a| due to the background charge Qp and the shift. 

Let us first discuss the simply-laced case. As we are dealing with normal ordered prod- 
ucts, the descendant states at level one can be expressed as 

W^-TV) = T.M^j{a)JU\a), i-alwl""'^ = ^(-a| JiM,,(-a). (4.15) 

j j 

The coefficient Mij{a) is a polynomial in a and Q. The Kac-Shapovalov matrix is given by 

Ki,{a) =Y.Mik{-a)Mk,{a). (4.16) 

k 

The twisted case is slightly more involved. Again we know that the lowest descendant 
states can be written as 

W%\a) = Y.M.M)Jli,M), (4.17) 
j 

where Mij{a) is again a polynomial in the zero modes of the untwisted bosons. To com- 
pute it, we need to find modes of the form : (J-')™ :-i/r, which can be found from the 
original prescription of OPE-normal ordering, that is by subtracting the singular part of 
the correlator of the m bosons. For instance, to obtain the constant C2m+i of the state 
: (J.?)2"*+^ '--1/2 = C2m+iJ-i/2\0') wc cxtract the regular part of the correlator 



-1/2 I"/ — '-^2m+l^-l/ 

lim (-a| J^2^-'(z2m+i)^^(^2m) " " " {zi)\a) 
and similarly for the zero modes of even powers of J . 



C2m^l ^4_^g^ 



4.3 Comparison 

After all these preparations, now we can compare the norm of the Gaiotto-Whittaker vector 
and the one-instanton partition function. Obviously, the norm of the Gaiotto-Whittaker 
vector can have poles only at the zero of the Kac determinant, fl3.12p . i.e. when /3-aboson+Q = 
for a long root We also have the formula of the one-instanton expression in the gauge 
theory side, fl2.9p . which has apparent poles when (3 ■ flgauge = + ^2 for a long root /9, 
or when 7 ■ ttgauge = for an arbitrary root 7. In order for them to have any chance of 
agreement, we need to identify 

"been = Q = (4.19) 

Using the procedure outlined above, we have checked the agreement between the norm 
of the coherent state and instanton partition function at 1-instanton level 
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• for simply-laced algebras ^1,2,3,4,5,6, -D4, and Eq, 

• and for non-simply-laced algebras -62,35 Cn, F^^ and G2- 

In general, the agreement comes with a multiplicative ambiguity due to the normalization of 
W-currents. It can be easily absorbed into the redefinition of the expansion parameter aJ^I 
For higher rank algebras, such as 745,^46, -F4 and Eq, due to the computational complexity, 
we checked the agreement by plugging in several set of test numbers for the zero modes and 
Q parameter instead of leaving it as a symbolic expression. Let us now discuss the cases 
An, Dn, Bn, Cn, G2 and F4 in this order. 



4.3.1 An 

The W-algebra calculation leads to the following explicit form of the Gaiotto-Whittaker 
vector at level one: 

\gi) = Y.<"')'k-iW) (4-20) 

i 

where 

Viia) = Y.Cij{a)wj{a), Wi{a) = - — _^ — - (4.21) 

j Ux<i{ax - a^) Ui<x{Q -ai + dx) 

where 

Cij{a) = 0, (z < j) (4.22) 

Cij{a) = l, (z = j) (4.23) 

Q,{a) = (_iy-.g n,<.<.(Q -a,+ a,) _ ^ ^4) 

llj<k<i[^j ~ O^kj 

Here ai = ei ■ a. We checked the validity for small n; we believe it is true in general. 
The corresponding bra is given by 

i 

Now, it can be checked that 

= with Wi{a) = - — , ! m — _ ^ v (^-^S) 

j llx<i\h! + WjJ lli<zl"'i (^x) 

Therefore, 

(^il^i) = En7 — ^ (4-27) 



^When the underlying gauge theory is conformal, one may encounter much more intricate map between 
expansion parameters. See [inilin] for the details. 
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which is indeed the one-instanton contribution of Nekrasov's partition function [221 EH 123] 
calculated from the geometry of the one-instanton moduli space. For example, 



^su(2),i = -— — 7^ , (4.28) 



4a2 - Q2 

6 {a\ + aia2 + a\ — 
[(2ai + a2f -Q2][(ai + 2a2)2-g2][(a^ _ - 



u -r u,iu,2 -r u,2 - ; , , 

^SU(3),i - TTTT—T-TT^. ^^ir/„ , o„ T^^TTT:^ TT^ 7^ ■ l^.^yj 



Two comments are in order. First, note that the uniform formula (12. 9p instead gives the 
following form 

Zk=i = E7 Vll^^- (4-30) 

^ [ai - aj){Q - aj - ai) - ak 

The agreement of (I4.27P and (14.301) are not easy to see, but they are equal nonetheless. 
Second, recall that each summand in the formula (14.271) comes from the contribution of a 
fixed point in the resolution of the one-instanton moduli space. Then the relation (14.211) 
means that the free boson basis J^_i\cl) is an upper-triangular redefinition of the basis formed 
by the fixed points, explicitly confirming the results of Maulik and Okounkov 



4.3.2 Dr 



The W{Dn) contains W-generators of dimension 2,4, ■■■ ,2n — 2 and additionally of di- 
mension n. The Nekrasov partition function for Dn = S0{2n) can be obtained easily by 
evaluating the contour integral expression in JIH]. We have. 



^50(2n),l 



-E 

i=l 



{ai±Q){2a,±Q) 



(4.31) 



where ± means we sum over both signs and ai = Si ■ a. We have checked the agreement up 
to D4. 



4.3.3 Bn 

To get the coherent state for _B„, we start from W{A2n-i)- We need to evaluate the n- 
dimensional Kac-Shapovalov matrix, since all the odd-dimensional W-currents are twisted 
by Z2 automorphism. The Z2 action maps (fi to —<f2n+i-i- Then the eigenstates are 

^pt = ^^1- f2n+i-i and <^j" = (fi + (f2n+i-i ■ (4.32) 

Then, the twisted W-currents can be written as 

U%\a) =Y.BmA<^)JZt,2W), (4.33) 
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where Bm,i is a function of zero modes of the untwisted free bosons. Now, we evaluate the 
Kac-Shapovalov matrix to obtain the norm of the coherent state. For example, when n = 3, 



K 



\-a\uf/Jj%,\a) {-a\uf;>p%,\a) 
' {-a\uf/,U%,\a) {-a\ijf^iJ%,\a) 



and take the inverse of Kb^ and read off the (2, 2) component of it. 
On the instanton side, we have. 



^50(2n+l),l 



E 

i=l 



(2ai ± Q) 



(4.34) 



(4.35) 



where ± means that we sum over both signs and ai = ei ■ a/ We find that they agree 
with the norm of the corresponding coherent states up to numeric constants. 



4.3.4 

The Gaiotto-Whittaker vector corresponds to C„ can be obtained from the W{Dn+\)- 
algebra. We can just follow the same procedure as i?„ case, but in this case we can do 
much easily. There is only one Vr(D„)-generator that is not invariant under Z2 which is 
V^^^ . In terms of free bosons, it only shifts the sign of one of the bosons. Therefore, the 
Kac-Shapovalov matrix is just a number, we can simply use fl3.12p . We get the norm of the 
Gaiotto-Whittaker vector to be 

It is known that the moduli space (neglecting the centre of mass contribution) of one 
Sp(?T,) instanton is C^'^/Z2, and the corresponding Hilbert series is given by (3.32) of |26j . 
whose /3 — )■ limit can be easily taken. Or, equivalently, note that U(l)^ x Sp(n) acts on 
C^" with the eigenvalues (ei + e2)/2 ± a^. Therefore the integral is just 



1 



1 



^Sp(n),l 



(4.37) 



2nr=i(QV4-a?) 

where = ej ■ a and the factor 1/2 comes from the orbifolding. This expression can, of 
course, also be obtained from Formula ( IB.lOj) . We see that they agree completely up to a 
multiplicative constant. 



4.3.5 G2 

There is only one ll^-generator that has a —1/3 mode: l^*^*^'!) = -|- iW^^"^ . Therefore, 
the Kac-Shapovalov matrix is one-dimensional, which is given by 

1 



a) oc ^ - 6a2) 4g^ - \1Q^ {3a\ + a^) + 9 {3a\ - 



(4.38) 
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We can use the formula fl3.12p for this example as well. The norm of Gaiotto-Whittaker 
state is given as the inverse of the the above expression. 

The Hilbert series was given in (5.48) and (5.49) of [26] . Taking the limit /3 — )■ 0, we 
obtain 

= „ r.^. . . . . ^ (4-39) 



(g2 _ 6ai) [aQ^ - 12g2 (3^2 + ^i) + 9 (3af - alf 

in our variables^] Here, = ■ a. This expression can also be obtained from Formula 
fIB.lOl) . See the section PV.21 for G2 for explicit expression for the roots and their basis. We 
see that the Hilbert series result completely agrees with the norm of Gaiotto-Whittaker 
state up to a multiphcative constant. 

4.3.6 F4 

The Kac-Shapovalov matrix we need to compute is 



Honest computation of this matrix is too time consuming for a desktop computer of 
2011, due to the complication in the evaluation of the normal ordering of twisted bosons in 
the expressions involving W^'^'^ as in (14.181) . Thankfully, the Kac determinant is known in 
closed form in (13.121) . Therefore we find 

{Qi\Qi) = (-a|l^i^/^Vr%|a)/(Kac determinant), (4.41) 

which is fairly straightforward to compute. It was checked that it agrees with the instanton 
expression (12.91) . The explicit results for Eq and F4 are too lengthy to put here. They can 
be found in the supplementary files. 
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A Roots of simple Lie algebras 

Here we list the roots for all Lie algebras, emphasising how to embed the root space of a 
non-simply-laced algebra G to that of a simply-laced algebra P. First let us present the 
simply-laced ones in detail. Note that the simple roots are named as in Figure [3l 

A.l Simply-laced algebras 

Roots of An = Sl]{n + 1). We let {cj : 1 < z < n + 1} be an orthonormal basis. The 
positive roots are 

A+ = {ei-ej ■.l<t<j <n + l} . (A.l) 
Note that the span of roots is only n-dimensional. The simple roots are 

"1 = ei - 62, q;2 = 62 - 63, . . . , an = e.„ - e„+i . (A. 2) 

Roots of Dn = S0(2n). The positive roots are 

A+ = {Bi ±ej:l<i<j<n}. (A.3) 

The simple roots are 

ai = Bi - 62, 0:2 = 62 - 63, . . . , (Xn-l = Bn-1 - B^, OL^ = 6„_i + 6„. (A.4) 

Roots of Eq. The 36 positive roots are 

A+ = {Bi + Bj,Bi-Bj}i^j<5U 1]-{±Bi±B2±B3±B4±B5 + V3Bq)\ (A. 5) 

L J # minus signs even 



The simple roots are 

= ^ (ei - 62 - 63 - 64 - 65 + VSee) 



oci = Bi - Bi_i {i = 2,3,4,5), a6 = 61 + 62. (A. 6) 
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Figure 3: Dynkin diagrams of simple Lie algebras, our labeling of the simple roots, and the 
comarks. The extended node is shown by a black blob. 



Roots of E^. The 63 positive roots are 
A+ = {ei + ej,ei-ej}i<j<6Li{V2er}u\l-{±ei±...±ee + V2e7)] , (A.7) 

^. ^ J # minus signs odd 



Roots of Es. The 120 positive roots are 

A+ = {ei + ej}i<j<8U{ej-ej}i<j<8u|^(±ei 



±67 + 63) I . (A.8) 

) # minus signs even 



A. 2 Non-simply-laced algebras 

Let r be a simply- laced algebra which is not A2n, and let o be a symmetry of the Dynkin 

diagram. Note that o can be viewed as an outer-automorphism acting on the Lie algebra of 
type r. It can be checked that a and o{a) are perpendicular when a ^ o{a). Let us take 

A, = {a : a e A, a = o{cx)} , (A.9) 

Ai = {a + o{a) : a e A, a 7^ 0(0;)} when r = 2 , (A.IO) 

A; = {a + o(a) + o^(a) : a e A, a 7^ o{cx)} when r = 3 . (A.U) 
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Then, A' = U A; is a non-simply-laced root system, with A^ and A; short and long 
roots respectively. In this normalization, the short root has length a/2. Possible outer- 
automorphisms of simply-laced algebras that can be used are depicted in Figure [H Every 
non-simply-laced algebra arises in this manner. 

Note that one can also take the averages |[q: + o{ct)] and |[q: + o{a.) + o^(a)] in (lA.lOp 
and flA.llI) respectively. A root system obtained this way corresponds to the subalgebra of F 
invariant under the Zr action, and is Langlands dual to the one obtained via flA.9p - flA.ll|) . 
It is natural in this latter convention for the long roots to have length \/2. Even when the 
resulting root system is the same in two ways of folding, as in G = G2 and F = SO (8), the 
embedding of the root space of G into the root space of F is different in the two cases. In 
this paper, we adhere to the former convention of folding. This convention is more natural 
in the context of singularity theory, see e.g. [3HI ESI- Let us now go over the root systems 
of the non-simply-laced algebras one by one. 



Roots of Bn = S0{2n + 1). The short positive roots and the long positive roots are 

A+ = {ei,:l <i <n}, = {ei ± ej : 1 < i < j < n} . (A.12) 

where Si ■ sj = 26ij so that the lengths of the short roots are a/2. 

This root system comes from a Z2 outer- automorphism o of the root system of A2n-i = 
SU(2n) with the action mapping the simple root cXi to ct2n-i- The short and long positive 
roots of Bn are then respectively 

A+ = {-Bi + e2„+i-i : i = 1, . . . ,n} , (A. 13) 

A^ = {(-ei + e2„+i-i) ± {-Bj + B2n+i-j) --l <i < j <n}. (A.14) 

Setting 

Ei = -Bi + B2n+i-i, i = l,...,n, (A. 15) 
the positive roots (1A.13I) and (1A.14I) become (1A.12I) as required. 



Roots of Cn = Sp{n). The short positive roots and the long positive roots are 

A+ = {ci ±ej : 1 < i < J < n}, A^ = {2Bi : 1 < i < n} , (A.16) 

where Cj ■ Bj = 5ij so that the lengths of the short roots are a/2. 

This root system is obtained by applying a Z2 outer-automorphism to the root system 
of Dn+i = S0(2n -|- 2), which acts as follows: 

O : Q:„_i (— > O-n, CKn I—)- Cy.n-1, OLi I—)- OLi foTly^ 12,12 — 1. (A. 17) 

From (1A.4|) . it is clear that o maps e„ to — e„ and leaves other invariant. Following the 
procedure, we easily get (]A.16I) . 
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Roots of F4. The short positive roots are 

A+ = {ei}i<4 U |i(ei ± 62 ± eg ± e4)| , (A.18) 
and the long positive roots are 

A;+ = {ei + ej}i<j<4 U {si - ej}i<j<4 , (A.19) 

where ej ■ Sj = 25ij so that the length of the short roots is -\/2- 

This root system can be obtained by applying a Z2 outer-automorphism to the root 
system of Eq which maps {cti, cx.2, 0:3, 0:4, 0:5, ckq) to (0:5, 0:4, 0:3, cx.2, ai, ckq). Therefore the 
simple roots of F4 are given by 

CKi = cKi + 0:5, a2 = 0:2 + 0:4, 0:3 = 0:3, 0.4 = ae. (A. 20) 

We then introduce new basis ei 2,3,4 via 

01 = 62 -63, 02 = €3 - €4 , 03 = 64, 04 = ^(61-62-63-64). (A.21) 



These simple roots give rise to the positive roots listed in (1A.18|) and (1A.19|) . 



Roots of G2- The short positive roots and long positive roots are 

A+ = |v^6i, ± -^61 + ^62! , A+ = |±^ei + ^62, Veesj , (A.22) 

where 6j ■ ej = 5ij so that the length of the short roots is \/2. 

This root system is obtained by applying a Z3 outer-automorphism to the root system 
of D4, which maps the set of simple roots (oi, 02, 03, 04) to (03, 02, 04, Oi). The simple 
roots of G2 is then 

Si = Oi + 03 04, a2 = 02. (A. 23) 

We then let ^ ^ 

€1 = ^(61-63), 62 = -^(61 + 262-63), (A.24) 

resulting in ( 1A.22[) . 



B Hilbert series of the one-instanton moduli space 

In this appendix we derive expression (12. 9p by computing the Hilbert series of the one- 
instanton moduli space. Let V{w) be the highest weight representation of G of highest 
weight w. As is conventional, we denote the highest root by — Oq, so that V{—ctQ) is the 



21 





\W\ 




Go 




\W\ 


|Az| 


Go 




{n + l)\ 


■n? + n 


An-2 


Bn 


2"n! 


2n{n - 1) Ai 


X Bn-2 


Dn 


2n-in\ 


2n{n - 1) 


Ai X Dn-2 




2'^n! 


2n 


Cn-2 


Eq 


72-6! 


72 


As 


F, 


1152 


24 


Cs 


E, 


72 ■ 8! 


126 




G2 


12 


6 


Ai 


Eg 


192 • 10! 


240 


Er 











Table 2: Additional data of groups, required for the analysis in Appendix [BI 



adjoint representation. As explained in Sec. 12.21 the holomorphic function on the centred 
1-instanton moduli space A4g,i has the irreducible decomposition 

oo 

= \/(-mao) ® T®™ , (B.l) 

m=0 

under the action of U(l) x G, where T is a one- dimensional representation of U(l). The 
character, or equivalently the Hilbert series is then 

Z = iive^e^" (B.2) 

where cf) is an element of the Cartan subalgebra of G, and is the U(l) action. We will 
abbreviate e"' '^ as e". The Weyl character formula then gives 



E 



= E T. ^ \ ^ y s{w)e''P. (B.3) 

—waQ=f 

Here, A is the set of roots. A; is the set of long roots, A+ is the set of positive roots, p is 
the Weyl vector, and s{w) is the sign of an element w of the Weyl group W. 

Now, consider a subgroup Go of G, whose Dynkin diagram is formed by the nodes of 
the Dynkin diagram of G which is not connected to the extended node of the affine Dynkin 
diagram, see Figure [3] and Table [21 The Weyl group of Go fixes —olq by construction. 
Furthermore, |W^(G)| = \Ai\ ■ \W{Go)\. Therefore, W{Go) is exactly the subgroup of W{G) 
which fixes —ocq. 

The difference p(G) — p(Go) of the Weyl vectors of G and Go is perpendicular to all cXi 
of Go, and therefore is proportional to — ao- Therefore there is a constant c such that 

p(G) = -cao + p(Go). (B.4) 

To fix c, take the inner product with respect to — Q:o, using the expansion — ccq — ^^^(^^ 
where are the comarks shown in Figure [31 We find 

2c = . p(G) = E<«r ■ PiG) = E< = - 1- (B.5) 
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Here we used that the sum of the comarks is /i^ — 1. 

For a long root 7, we pick a Weyl group element such that —w-^olq = 7. The set of 
w such that —wao = 7 is then simply w~fW{Go). Therefore, 



1) 



Yl (e"'^"/2 - e-"'^"/^) . (B.6) 



aeA+(Go) 

Plugging it in to flB.3|) . we have 

(l-e^+-^)nc.eA+(e"/'-e-"/') 

e(^''-i)7/2 

^ Jl, (1 - noeAnA+(Go)(e"^"/' - e-'"-"/') ' ^^'^^ 

Recall that the inner product —ocq ■ a. is 

• 2 if and only if ck = — ckq, 

• 1 if and only if ck G \ A+(G'o) and a ^ —olq, 
so that flB.7p can be further written as 

Jh'^-l)f/2 

= Y - 

(1 - e^+7)(e-«'T"o/2 _ e«;^ao/2) n-aV.a=i(e"'^"/2 - e-'^W2) 

= Jl, (1 - e^+'r)(e7/2 _ ^-7/2) n^v.,=i(e"/2 - e-/^) ' ^^"^^ 

Now the elements w~f is gone. 

Note that \{cx. | 7^-0; = 1}| is 2/i^— 4, so that flB.81) has 2K^ —2 terms in the denominator, 
which is the expected number for the centered instanton moduli space. To get the explicit 
expressions, we let 

e" = e"'^ = e^"-", = e^('^+'^\ (B.9) 

In the papers on Hilbert series, e.g. |26j, the variables Xj = e""^ were used instead. The 4d 
version is obtained by taking the /3 — )■ limit, giving 

^2hV-2^ ^ V . , ~^ ^ -. (B.IO) 

7tA, (ei + £2 + 7 ■ a) (7 " Il^v.^^Ua ■ a) 
Together with the contribution of we indeed get (12.91) . 
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C Kac determinant at the lowest level 



Here we consider the Kac determinant at the lowest leveL The result for the untwisted 
case is well known, see e.g. [2^ . The twisted case also follows straightforwardly by 
modifying the derivation for the untwisted case. For example, the Kac determinant for the 
Drinfeld-Sokolov reduction with respect to the minimal nilpotent was determined in |68) . 
Here we need to perform it with respect to the principal nilpotent. 

First, consider the untwisted Verma module. Let the zero modes of the free bosons be 
Jo- Pick a simple root cx.i, and let ipi = oci ■ ip. As explained in Sec. 13.1.3^ elements in the 
W-algebra can be expanded in terms of the energy-momentum tensor Tj for ipi and the free 
bosons perpendicular to ipi. At level one, (Ti)^i = (a^ • Jq) Jj _i, and similarly, the (— 1)- 
mode of any operator constructed out of Tj comes with a factor of cti ■ Jq- Thus, there is a 
null state in the W-algebra Verma module when a-i-Jo = 0. Therefore the Kac determinant 
at level one is divisible hj cti ■ Jq = cti ■ a + Q . Due to the shifted Weyl invariance, the 
Kac determinant is divisible hj ex ■ a + Q for all roots a. The Kac determinant has degree 
— 1) in a, which equals the number of roots. It follows that 



Next, consider the states at level — 1/r of the Z,.-twisted Verma module. Denote by o 
the Zr action, under which the zero mode Jq is invariant. We regard it as in the Cartan of 
G, the S-dual of the Z^-invariant subalgebra of F. Recall that the long simple roots 7^ of G 
are given by 7^ = cti + cto{i) when r = 2 and similarly for r = 3, (lA.lOl) . (1A.11|) . 

Take a simple root such that OLi ^ oco(i)- Assuming F 7^ ^42,1, we have o;, • cx.o(i) = 0. 
Therefore the operators in the W-algebra can be written in terms of the energy-momentum 
tensors T,, To(i) (and To2({) if r = 3) for the free bosons ipi, ipo(i) (and v^o2{j)) and free 
bosons perpendicular to ipi, (po(i) (and v^o2(i))- Now, the level —(1/r) states arise from 
Ti - To^i) when r = 2, and from + e^'^'/^To^i) + e^^*/3To2(,) when r = 3. Recall that 
Tj oc —{difidipi) +Qd'^ipi/2. Therefore the (— l/r)-mode always arises with the combination 



It follows the Kac determinant has a zero when cXi ■ Jq = Q{1 — 1/r) for a non- invariant 
simple root oti, or in other words 7^ ■ a + Q = for a long root 7^ and the shifted zero mode 
a. From Weyl invariance, the Kac determinant has a factor 7 ■ a + Q for each long root 
7. The Kac determinant has degree — 1) where the sum is over the degrees of 

Vr(F)-generators not invariant under Z,,. This equals the number of long roots of G. We 
thus conclude that 



(Kac determinant at level 1) oc JJ^ (ck ■ a + Q) . 



(C.l) 



{(Xi ■ Jo - Q{1 - l/r))Ji_i/r. 



(C.2) 



(Kac determinant at level 1/r) oc (7 ■ a + Q). 



(C.3) 
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D Construction of the W-algebra of type Eq 



D.l Detailed procedure 

We provide some more details on the construction of the W {EQ)-algehTa,. We first construct 
the two lowest generators W^'^^ and W^^^ utilizing 14^(^5) subalgebra. The higher generators 
p^(6,8,9,i2) ^Yien obtain from suitable OPEs of W'^^\ 

Let J^'---'6 = idif^'''''^ be six orthonormal free bosons. Take the x x Ai subalgebra 
of -Eg, corresponding to the nodes of the Dynkin diagram except the central node. We can 
then choose the bosons in such a way that J^'^, J^'^ span the Cartan of the two ^2, and Jg 
spans the Cartan of the Ai respectively. Note that the Z2 outer automorphism exchanges 
the two A2 subalgebras. 

Consider now the A^ subalgebra of Eq. It contains A2 x ^2, but not the Ai described 
above. Construct the generators f/2,...,5(-2^) of the 14^(^5) algebra via fl3.4l) . and obtain the 
Z2 eigenstates fl3.9p . We introduce the boson 

= (TSJ^ + j6)/2v^ , (D.l) 

which is perpendicular to the Cartan of A^. The most general ansatz for ly(^) and W^^'^ 
compatible with Z2 is then 

iy{2) = ^7(2) + ciK^ + c2dK, (D.2) 

^(5) ^ f;(5) ^ ^.^U^um ^ ^,^3)^2 ^ ^^g2fj(3) ^ c^g(j(3) + Cr^^'^dK . (D.3) 

The constants ci,...j can be determined by the method explained in section [3.1.31 we expand 
( ID. 31) in the J*, and require that only appears in the form of its energy momentum tensor 



Tiz) = + {Q/V2)dJ^ . (D.4) 

This fixes the constants to be 

3 

ci = 1, C2 = -HQ, C3 = 0, C4 = 1, C5 = -Q^ ce = -3Q, C7 = 2Q. (D.5) 

The higher generators can now be obtained by repeatedly taking the OPEs of W^^\ Let 
[Oi02]p{w) be the coefficient of {z - w)-^ of the OPE Oi{z)02{w). We let 

Vr(^) = (1 + 12g2)-i [1^(5)^/(5)],, H/(8) = [W^^)W^%^ (D.6) 

These OPEs a priori are not guaranteed to generate independent fields, but could contain 
just products of lower lying fields, possibly with derivatives. Independence can be confirmed 
as follows. Let P^*^^ be the terms in W^'^'^ which do not contain derivatives, regarded as 
polynomials in J*. It then suffices to check that they are algebraically independent, for 
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which we can compute the Jacobian det(9P^'^V(9J*) and check that it is non-zero. Note 
that W-generators constructed in this manner automatically have definite parity under Z2. 

Unfortunately these OPE calculations, when expressed in terms of six free bosons, are 
too much for a laptop computer of 2011. It is thus necessary to use the A2 x A2 x Ai 
subalgebra to organize the computation. The generator of iy(y4i) is T{z) in (ID. 41) . Let 
[/{2,3) ^Yie generators of the first 14^(742), and f/(^'^) be those of the second, as defined in 
( 13. 4p . Then, we can rewrite W'^'^^ and W^^'^ determined in (1D.3P in terms of U^'^'^\ U^'^'^\ 
J5, and T. Now the OPEs in (ET]) can be and were performed using the known OPEs of 
(A2) X 14^(^2) X in about three hours on a 2GHz machine with SGbytes of memory; 

the independence of the resulting generators can be and was checked. The denominator 
(1 + 12Q'^) for W^^^ in (1D.7P is inserted because the OPE turns out to be divisible by this 
factor. 



D.2 Explicit generators 

In the following, we list the generators thus constructed; we set J = J5, Ai = f/*^*^ -|-f/'^*^ and 
Bi = U^'^^ — f/*-*^. With explicit generators, it is easy to check that the level-1 contribution 
to the norm of the coherent state as calculated by (14.121) is equal to the 1-instanton result 
(12. 9p . once when the zero modes are substituted with random numbers. 

D.2.1 W2 

D.2. 2 W5 

D.2.3 We 

D.2.4 Ws ^ 



D.2.5 Wg 




D.2.6 
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